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An autonomous system of differential equations with holomorphic right-hand
sides that continuously depend on a parameter is considered, It is assumed that
in the considered region of parameter values the first approximation systemhas
» pairs of pure imaginary roots,

The stability properties of a system may undergo various changes when parameter p
is varied near its resonance value pu, at which the system has an internal resonance, The
problem of strong stability is posed in the case when the character of the system stability
at point u, remains unchanged in some neighborhood of that point,

A normal form, continuous with respect to . of the system is derived, The form, un=
like the usual and normal form [1, 2], does not change its structure at transition of the
system through resonance (*), Conditions of strong asymptotic stability and instability
are obtained for resonance of odd order, Cases of "explosive instability” in which the
asymptotic stability in the resonance point neighborhood changes into instability at point
1, are separated out,

The concept of the present work is akin to that of [3], where the problem of stability
in the presence of parametric perturbations is stated and substantiated, Several aspects
of this problem and its generalization were discussed in [4]., The allied question of the
form of the problem of the difference between dangerous and safe limits of the stability
region was considered in [5],

1, Statement of the problem, Let us consider the system of differential
equations

2 =Pz + g:%» ZY Gz, peE, ) =D (L1

where z is an r-dimensional vector, 2 () is an( r X r)-matrix, Z(M (z, p) are
vector~forms of [-th order with respect to z. Matrix P () and the coefficients of form
Z (z, p) are continuous functions of parameter {.

We shall call system (1, 1) stable (unstable) at point p, € D, if the zero solution of
that system for 4 = W, is Liapunov stable (unstable).

The considered problem is associated with the analysis of the effect of small variation
of the parameter on the stability properties of system (1. 1),

Definition 1, 1, System (1,1) which is stable {unstable) at point Wy, & D is
called strongly stable (unstable) at that point, if there exists such & -neighborhood

*y Gol'tser,Ia, M. On the transformation of a particular system of differentialequa~
tions in the presence of resonance, Transact, of the Seminar on the Theory of Motion
Stability, N 2, Alma=-Ata, 1969,
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Ue(po) & D of point pythat system (1, 1) is stable (unstable) at every point u &
Ue (po)-

Note 1, 1. Theterm "strong stability" conforms to the terminology used in inves-
tigations of linear periodic Hamiltoaian systems for small (but more general than para-
metric) perturbations of the Hamiltonian (€],

System (1, 1) is considered below on the assumnption that matrix P (p.) has in region
D n pairs of continuous with respect to u pure imaginary eigenvalues, and is reducible
in D to a diagonal matrix which is continuous with respect to p (The question of the
normal form of matrices that depend on a parameter was investigated in [7]), 4

We set r = 2n and denote the eigenvalues of matrix P (u) by &= A, (p), s =1,
2, ..., n, Ap) <0 (Vu &= D) ,and by R,* the set of n-dimensional vectors
whose components are nonnegative integers, If m & R,*, thenm = (my, . . ., my),
mg= R*,and [m|i=m, +... 5 m,.

Definition 1,2. Atpoint Wy & D system (1,1) has a j-th order internal reso-
nance, if there exists vector m & R,* with m,relatively prime, such that when p =

Ko n
{m, A% = NmAL=0, |m|l=j, A =2k()= (M- vy A (1.2)
s=1

An effective method of investigating the stability of system (1, 1) with fixed values
of the parameter (either resonant or nonresonant) consists of its preliminary reduction to
the normal form up to terms of a reasonably high order [1, 2]. If point.p, is nonresonant,
such normalization in a fairly small neighborhood of it is continuous with resect to u,,
and one can expect that the system stability properties are retained in that neighborhood,
When parameter p passes through its resonance value o , the structure of the usual nor-
mal form considerably changes, Hence for the considered class of systems the problem
of strong stability in the neighborhood of resonant values of the parameter is of consider-
able interest. The question of existence for system (1, 1) of a normal form continuous
with respect to . , which arises in this connection, is considered below.

2, The continuous normal form, On the assumptions made in Sect, 1, sys-
tem (1, 1) may be written as (the upper dash denotes a complex-conjugate quantity)

r=Awz+ % XV yw (2.1)
1=k>2

e _ T y® _—
y A(P)y+l=§>2 (=, ¥» 1)

wherez = § = (;, . - ., &,), E is aunit (n X n)-matrix,and A (p) = A (p) E.
We represent the components of n-dimensional vector-forms X() = Y in the form
O, s
XS (.I', Y, p’)= 2 .a;’.(l(u)xpyqv p’qERn+v "I'p=11m"'x71:n
Ipl+lal=
Functions A, (p) and ap,q (W) are continuous in D.
Let us consider system

w=Au+ 2 U@ o (2.2)
k=2

I=k=>
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=—Amv+ X V@, v,
I==k22

Ipl+|gf=l
and transformation o oo
r=u-+ 3 OYa,v, w, y=v4+ (D(l)(u, v, 1) (2.3)
I=k>2 1=k>>2

O = 3 A (Wt
Ipl+lal=t
together with (2, 1), and seek the simplest form of system (2, 2) to which system (2, 1)
can be reduced by the transformation, continuous with respect to u , in the form of for-
mal series (2, 3),
For the successive determination of forms ®,") from (2, 1) — (2. 3) we obtain

n

i) o l l l

27“'( s ”r) =200 — UV — FO XY @9
T

r

Te=1
nol—t 3®gj)

Joih

!

Fg‘ '= du -
.

[~j+ (1=j+1
Us- Jl)+ - v J+1)
i T
r=3 j=k

where Xo#(! is an [ -th order form in the expansion in series of functions

{
> XV w4, v4)
j=k>2

For the simultaneous determination of coefficients of forms M, and U/ we ob~

t i & 8 8
P — g — 84 M (DA, = ¥ () — fou (1) — ooq (1) (2.5)

where a3, (1) and foa W (1P |+ g | =1 are coefficients of forms X5¢
and FO, and &, = (0, ...,1, ..., 0) is the basis vector in R,*.

Definition 2, 1. The bivectors (p, ¢), p 5= ¢ -+ & and the related coefficients
s-x in the equations of systems (2. 1) and (2. 2), and in the transformation (2, 3) are called
resonant, if there exists a yo & D such that

@"9—55334(!*0»:0

We denote the set of all resonant bivectors of the s~th equation by Lp®. When p =
g + O, for the bivectors (p, ¢) we have

p—qg—258, A(u>=0 (YuesD)

which constitute the set L,* that determines the terms of the identical resonance. We
denote s = Lp° | L.

Let functions apq and fj, 4 in (2.5) be continuous in D. It is evident that when(p,
g) € L#, then (2.5) has a solution that is continuous with respect to p for any selected
continuous functions otp 4 ().

If (p, g) & Lp’, there exists a point py € D such that (p — ¢ —§,, A> — 0
when y — p,. For function Ay 4 (W) to be continuous in D it is necessary to deter-
mine function cp 4 (1) so that it is continuous in ), and that at eachresonant point
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of region D the right=hand side of (2, 5) is infinitely small of an order not less than
{p — q — 85, A {u)>. It is obvious that with such choice the structure of functions
Op,q and A;}_q in the neighborhood of the resonance point is of the form

pg (1) = a;:q (Ro) + Fpia (o) — €p.g (W) (2.6)
Apa (W) = P — ¢ — 0 Mo (W), (0, 9 & Lo’

where &, , is an arbitrary continuous function in D such that there exists the limit

iing Ap, ¢ (1) = Ap, ¢ (o) (2.7

The constant A3 , (p,) can be arbitrarily chosen, and this can be used for further sim-
plification of the system in the case of third order resonances,
If (p, ) & Lo°, then it is sufficient to set in (2, 5)

afuss. ¢ = Gf;:.ss, a(B) + f;, q (W) (2.8)

Taking now into consideration that forms X,,(!) and F,(!) depend only on forms ®,(
and U, where j << ], and that X = X" and F =0 when I = k, it is
possible to assert that functions f, , and ajp g are continuous in D for all [ = k, k +
1, . . . Hence the following theorem is valid,

Theorem 2,1, With the arbitrary selection in system (2, 2) that are continuous
with respect to p it is possible to select for that system continuous resonant coefficients
so that the continuous in D transformation (2. 3), which transforms system (2, 1} into{2,2),
is obtained,

The continuous normal form is obtained by equating in (2, 2) all nonresonant coeffici-
ents to zero, The structure of the continudus normal form is then

o0
. $ q ] P..4
us' = As (1) + s ‘ks_;:p Ogss,, g®° -+ 2 , G at’? (2.9)
a=lk /=1 (p, DELD
vy =0y, o= (0, ..., @), @ = Ul

The following properties of the transformation and of the normal form, which will be
used subsequently, should be noted, If k& 2> 2 is the lowest order of nonlinear terms in
(2. 1), forms @, and UMD for k < j < 2k — 2 are determined independently of
forms D) and UMD for I < j. This proverty holds in conventional normalization
and is due to the structure of functions X3 and F P in (2,4).

Let us compare the structure of system (2, 9) for some fixed i, with that of the usual
normat form at that point, We use the notation L, f = {{p, 9) | {p — ¢ — &, A°> = O}
1t is clear that 1, °* C Lp®

In the case of conventional normalization of system (2, 1) the s-th equation contains
only terms corresponding to bivectors (p, q) & Ly, U Lo when p = po, whilesystem
(2.9) contains in addition to these terms also those for which (p, ¢) & Lp* \ Lyt

The two forms coincide at point po only when Lp® ™\ Ly’ = &, but in the neighbor-
hood of point po,where B =& jo ,they are different, Conventional normalization iscon-
tinuous only when L® = (J (as noted in Sect, 1),

When solving the problem of strong stability at point [, we consider a reasonably small
e-neighborhood of point pgas the region D = U, (p,). We denote the deleted neigh-
borhood U (o) of point poby D* = Uc*,
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Let point Mo be resonant whose unique lowest resonance is of order g. We assume (and
this is the general case) that uqis the isolated root of the equation

<ma )V(M»:O for [m{-:::

The number g is assumed to be so small,that when this equation has in [ other integral
solutions, their norm is | m | > g.

Under these conditions the lowest resonating terms in D are of order g — 1, hence
the structures of the conventional and the continuous normal forms coincide (for & <<
g — 1) to within terms of order g — 2. If the solution of the problem of stability in
region D is independent of terms of order higher than g —2, the presence of inner re~
sonance at point p,does not affect the solution of the problem of strong stability. To
detect possible bifurcations of the properties of stability by the presence in the system
of a resonance of crder £, we assume that in (2. 1) k= g— 1, and that k=2N,

On these assumptions, and restricting the reduction of the continuous normal form to
terms of order up to and including the (£ - 1 )-st, we obtain the following system:

u = A 0 " b B a2 @07 + O (u P @210

o [

v =g, m, pE R, |m| =k+4+1=2N+12>3

where A (p), o (p), a” (B) and O, are continuous in D.
For p = g system (2, 10) is the same as that analyzed in [2, 8] and is obtained from
(2. 9) by considering the structure of lower resonating terms similar to those in [2].

3., Some properties of the model system, Let us consider the model
system in the k~th approximation

m~83

Us = b (1) s + g () V™05, v = — Ay (WUs + Glp) W (3. 1)
We introduce ancilliary angles @, () setting

sin @y = — a5 | I”t, cos @, = by | as i'l, o, = u; + ib, (3.2)

and identify these with points of the unit trigonometric circle. Obviously @, (n) arecon-
tinuous functions of 4 in D,

Let d; be the diameter ot the circle drawn through point @ Two incompatible dispo-
sitions of points @, are possible, ’

A, For any diameter dj there exist points ¢; that lie on different sides of d,.

B, There exists diameter d,such that all ¢; points lie on one side of it,

Case A necessitates that n >»3 , while case B always obtains when 5 =2 . If case A
obtains at point Wy(of region D) ,we say that conditions 4 (u) (4 (D)) are satisfied.
Similarly B (p), B (D).

The algebraic characteristic of case A is defined by the following lemma,

Lemma 3, 1. Forcondition 4 (R} to be satisfied it is necessary and sufficient if
there exist such coefficients o, (1), &g () and a,, (@) that

sign Dy, = sign Dy, = — sign Dy, Ds]-s p = {3.3)

The following lemma is also valid,
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Lemma 3.2, For condition B (u) to be satisfied it necessary and sufficient that
there exists such numbering of angles @,(p) for which

pW<eW<. . . Lo+ (3.4)

With the use of inequalities (3.4) we subdivide case B into the following subcases:

B, WlMgig<n—1) (a=...=¢<om<.
<L O << @+ T)

B, (Vs) (9s = ¢1)

B3(Hk|1ékén—1) ((P]_:...:(Pk<q)k+1=.
=@, = @ + n)

By, (Hj13<€j<n) (<L ... <@ <g;=..
=(Pn=q)l+n) ‘

It is possible to show that condition A () is equivalent to the following statement of a
geometrical nature,

Lerma 3,3, Forcondition A () tobe satisfied it is necessary and sufficient that there
exist such points @, (W), Ps (1) and @,, (B) thatthe triangle formed by these is acute,
Condition (3.3) is the algebraic criterion of acuteness of A Psy Ps.Pss . Incase B,
all nondegenerate triangles are abtuse, and in case B, there is at least one right angle

among them.

It follows from the above lemmas (without proof) and from the continuity of functions
@, (1) that when conditions A (p,) and By (po) are satisfied, then for a fairly small &
conditions A (D) and B, (D) are also satisfied. Conditions By (1), B3 (Me) and
B, (ue) cannot be maintained when y is varied. Case B, may convert to Bj, while
Bgand B, to A or B,.

As shown in [2, 8] system (3. 1) has in the majority of cases when p = p,,a setofin-
tegrals of the form n
Vo= z Ysomw W = Ugls, Yso = const (3.9)

=1

The necessary and sufficient condition of stability of system (3, 1) when p = iy is the
presence among (3.5) of integrals of fixed sign. In the case of instability all integrals
(3.5) are with alternating signs, In case B, when n = 2 the system is unstable and has
no integrals of the form (3.5), The necessary and sufficient condition of existence among
(3. 5) of fixed sign integrals is the fulfilment of condition A (uo) or B3 (Ke). In theun-
stable case B, there are fixed sign integrals among (3. 5).

Let us consider matrix C and the n-dimensional row vectors @ and &

a1dy. .. 4
C—"—: te " 1 a=(a17"1-a"n)’ b=(b1""’bn)
| byby ... by
The equality Ds;s, = | ots;Os, | sin (gs, — ¢s;) implies that when conditions

A (p), By (p) and B, (p) are satisfied, we have Rank C (p) = 2, while in cases
B,and Bgwe have Rank C (p) = 1.

Theorem 3, 1. If matrix C maintains its rank in region D and the number of
nonzero components of vector @ or b exceeds the rank of that matrix, system (3. 1) has
the following set of integrals continuous with respect to b ¢
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T
Vimo) = Jvn@o. pED. V (ke 0) =V, (3.0)

The necessary and sufficient condition of the presence among these of integrals that
are continuous in D is the fulfilment of condition A4 (u,) or By (1to)-

Proof, First of all it is possible to ascertain that the assumption about the rank of
the matrix is satisfied when conditions 4 (u,), By (po) and By (p,) are satisfied, It
follows from this assumption that when conditidns B, (p,) and B3 (1) are satisfied, then
conditions B, (D) and B, (D) are satisfied, since the possible conversion of cases B,
and Byto A or B, for M F o is associated with a change of the rank of matrix €',

We determine the derivative of function J© by (3. 6) and by virtue of system (3. 1)
and from the equation V"~ - () we obtain for the determination of y, (1) the systemof
equations C ) v~ 0, v(u) ~ colomn ly, (u), . - .o ¥a (W) (3.7
which is compatible with conditions of the theorem,

Let initially Rank C (p) = 2. We denote vecfors g,  and y in which there are
no components with subscripts s,, s, and s3by @', b" and y'. The general solution of
(3.7) can be represented in the form

Vs = Doy (V,Doisy + Do) V5o = Dy (V5. Disses -+ Dio) (3.8)

a4, Py .
; % 1at fay?
(DS:‘::“:O’ Dﬁjﬂx bs}' py | Ppr=—avy, pz’—"—*b‘i’)

where g, and g, are selected so that the conditions appearing in parentheses are satisfied,
and the components of vectors ¥’ and y,, are free parameters of the solution,

If conditions A {p,) are satisfied, there exist such §;, $, and s; for which formulas
(3.3) valid at point p,are preserved also in region [, It follows directly from (3. 8)
that positive solutions of (3,7) exist only when conditions (3. 3) are satisfied,

The free parameters which provide strictly positive solutions of the system (andby the
same token fixed sign integrals of set (3,6) ymust satisfy conditions

Ya > 0 (5 :i"‘ S1, So Sa), ‘V33> max {Ds—:ll.Ds,ps D;!s,Ds.gn 0} (30 9)

When conditions By (p,) or By (p,) are satisfied, formulas (3.3) do not hold for
arbitrary $y, s, and s,, system (3, 7) has no strictly positive solutions, and (3. 6) has no
fixed sign integrals, (All integrals have alternating signs when condition By () is sa-
tisfied, )

Let now Rank € == {. We assume that a 5 (), and instead of system (3, 7) consi-
der the equation ay = 0 (3. 10)

If condition By (o) is satisfied, at least one pair of coefficients @, and «,, satisfy at
point uq the equality sign a,a,, = —1 (3.11)

which is valid in D. The general solution of system (3. 10) with condition (3, 11} is of

the f
e e Ys = — a's:l (asx’vbz + 2 YSGS) (3- 12)

558y, %2

Selecting v, {s ¥ §;) in conformity with the condition
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Vs > 0 (S :71: Sty sa), Vss > max {—' 2 Yslss l()}

875,82 J

we obtain a strictly positive solution of Eq. (3, 10) and a fixed sign integral of system
(3.1). When condition B, () is satisfied, condition (3. 11) is violated for any arbit-
rary s, and 8y, and (3. 10) has no positive solution, By selecting all parameters Vs (M)
in the form of continuous functions in D it is possible to assert that the derived integ-
rals are continuous with respect to u.

Using the set of continuous integrals, we obtain below the criteria of strong stability
of system (2, 1),

4, Strong stability, Bifurcation, Besidessystem (2, 10), which is equiva-
lent as regards stability to system (2, 1), we consider in region D also the system

us*‘ = }'s (P’) I""s* + us* ZN asp (P') w*P "}‘ 01** (H“ 'JT' v lFN‘m) (4‘ 1}
fel=

v = = @t Rt S o @) 0 + 0p* u + oY)

which is equivalent to system (2, 1) in region D*, System (4. 1) is obtained by the usual
normalization of system (2, 1) in region D¥.

As shown in Sect, 2, coefficients g,? in systems (2. 10) and (4, 1) are the same for
k > 3 . It is important to note that when in (2, 10) the nonlinearities O are continuous
in D, then owing to the coefficients at terms of order not lower than 2k — { in system
(4.1) Ou*— oo when p —» p, . The coefficients &P (| p | = 1) have this property
even at k = 2 . Because of this (4. 1) is considered here only for % > 2.

Let system (3, 1) have a continuous set of integrals (3, 6), For calculating the deriva-
tive of function V we take into account that V is the integral of system (3. 1) and, by
virtue of system (2, 10), we have

TV = Y Tawot+0udol™™) = Wry @) +0p 4D
la]l=N+1

, id -5,
Ty = 3 % () Re

1 the ( N -+ 1)=st order form W, (o, ©) = Wiy, is of fixed sign in cone © >
0, then for a reasonably small € function V* is of fixed sign in the neighborhood of ze-
roforall p & D = U, (pg). .

We denote by I'; the set of vectors y (p,) for which the form Wy, is negative
definite (obviously I',can also be (7). We further denote by M the set of solutions
of system (3.7) when p = g, and by M,* the set of strictly positive solutions, Note
that when conditions A (o) or Bj (po) are satisfied, My* == .

Theorem 4. 1. Letsystem (2, 10) be such that: (1) Rank C is maintained in
D for reasonably small & ,and (2) Ty 5= (. Then

a) system (2, 10) is strongly asymptotically stable at point [ig, if conditions A (ug)
or By (p,) are satisfied and 'y [} Myt 5= O ;
b) system (2, 10) is strongly unstable at point g, if one of conditions A4 (p,) or
Bj (po) is satisfied and T'y [} (M, \\ My*) 5= .
The validity of this theorem follows from Theorem 3,1 and the theorems of Liapunov's
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second method. Let us, for example, consider case {a), Condition (2) implies the exist-
ence of vector p° such that the form Wi,y is negative definite, Condition (a) ensures
the existence in set (3, 5) of fixed sign integral V, of system(3,1) whose derivative by vir-
tue of (2, 10) is negative definite (which is determined by the form W?v“). Condition
(1) and Theorem 3, 1 allow us to assert the existence of Liapunov's function that is con-
tinuous with respect to [ and satisfies at every point of region I the conditions of Lia-
punov's theorem on asymptotic stability,

Case (b) in which the alternating sign integrals of system (3. 1) are used, is similarly
considered,

Let us now deal with the question of properties of system (2, 10) in certain cases when
the conditions of Theorem 4, 1 are violated, For this we shall consider system (4, 1) in

D* and the function n
V* = 21 Ps () 05*
=y

where y, are arbitrary continuous functions of 1 (V* ,unlike ¥V in (3. 6),is not neces-
sarily an integral of system (3. 1)),
Taking into account that e P are the same in systems (2, 10) and (4, 1), we have

V* = Wy (B 0%) + Op* (JofV) (4.3)

where Wy, (1, ©*) is a form analogous to (4,2) and Op* — oo when p — Yo

Let the set Ty for form Wy, (. ©*) be nonempty, If I'j contains the strictly po~
sitive vector 9°, system (4, 1) is asymptotically stable in D*. Independently of this pro-
perty of system (4, 1), any of the cases A4 and B; can be realized at point p, for system
(3. 1), If it is assumed that conditions B, ( Ho) or By (1) are satisfied, system (2. 10)
is then unstable when p = W, [2]. It is obvious that on these assumptions T'y [} M, =
{7} , and none of conditions (a) and (b) are satisfied,

The above considerations lead to the following result,

Theorem 4,2, Ifsystem (2.10) issuch that conditions B; (pe) or By(u,) are
satisfied, and form W4y (g, *) can be made negative definite, ther W, is a bifur-
cation point at which the asymptotic stability in [D* changes to instability, If the set
I'y = (7 does not contain strictly positive vectors, then system (2, 10) is strongly un-
stable in D when conditions B, (ut,} or B (i) are satisfied,

Note that the region in which function ’*" is of fixed sign contracts under conditions
of Theorem 4, 2 when [ — M, to the coordinate origin, as implied by the properties of
function (Op* in (4.3). When p == Uy an instability region, lying in the neighborhoed
of the unstable solution of system (3, 1), is generated [2].

Example. Letus consider the system of differential equations

2 D (W2 = ZeY) (2, 2 + 22V (5, 2 g (W2 2V A L (404)
(s==1,2, ..., 0. N>1)
where p, (), g, () and the coefficients of forms 7@ are continuous functions of p.
Using the substitution z, = z; — (i/ps)2s" = ¢s followed by the transformation to the
continuous normal form, we reduce the problem to the analysis of system (2, 10) whose
coefficients are defined as follows:

. . i i
?‘us = if)s, (}s (y,) == Ps {},!,) &s {H)! asp {p} = —— ps (}L} bsp {}L} fOI P:’rL:*”Vég,
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N3&,

G

No-2N-1 N i Ns
R N T L

The real numbers b5 (1) and b,P (p) are coefficients at terms of inner and identical re-
sonances in forms Z9 (p, Y, (25 + ¥s), —Yaps? (ys — 5)?) for j= 2N and 2N + 1,re-
spectively, At point p, the numbers bg (uo) = 6,° and g, (po) = g, are nonzero,

It is seen that for system (4, 4) matrix C (n) retains its rank in D, and that at point p,
either conditions B, (py) or B (p,) are satisfied when either all 5,°/p,° are of thesame
sign or when among b,°/p;° there are numbers of different signs, respectively,

Form WTV +1 and the sets 'y and M, are defined as follows:

W L ¢ Reg s Nt on Re o % ) .
N+1—'sz ea, 5k (sign Rea (P«o)legné’s)

s=1 n
To=:{y°|signy;° = —signgS}, Moo= {Y" _21 by = 0}
3=

It is evident that Ty 5= ¢ and conditions (1) and (2) of Theorem 4, 1 are satisfied for
system (4. 4),

When all g,° << 0 and condition Bj (uo) is satisfied, system (4. 4) is strongly asympto-
tically stable (conditions (a) of the theorem are satisfied),

If among g,° there are numbers of different signs or all g,° > 0, then for certain &,
J will be sign gp°bp° = — sign g;°b;°, condition (b) of Theorem 4, 1 is satisfied ,
and system (4, 4) is strongly unstable, The last requirement is automatically realized
when all 5,°/p,° are of the same sign and among g,° there are numbers of different
signs, or vice versa,

If all g,° <C U and condition B, (p,) is satisfied, then by Theorem 4, 2 at point Ko the
bifurcation — the asymptotic stabilityin D* — changes to instability at that point,

Finally, if condition B, (p,) is satisfied and (Vs)g,°bs°/ps° < 0 (> 0), by Theorem 4, 2
we have strong instability at point po-

We note in conclusion that Theorem 4, 2 may be amplified as follows.

Theorem 4,3, Ifconditions By (yo) or B, (Up) are satisfied for system (2, 10)
and system (4, 1) is asymptotically stable in D* within terms of order not higher than
2k — 2, then po is the bifurcation point of (2, 10) of the same kind as in Theorem4, 2,

If system (4, 1) is unstable in D* to within terms of order not higher than 2k —2
and conditions B, (p,) or Bj (po) are satisfied, then system (2, 10) is strongly unstable
at point M.

The author thanks V, V, Rumiantsev for his interest in this work and profferred remarks,
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